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01 Logarithms of formal groups
over Hopf algebras
A. V. Ershov
This paper is the continuation of section 2 of the paper ”Floating bundles
and their applications” [1].
Let (H, µ, η,∆, ε, S) be a commutative Hopf algebra over ring R without
torsion and F(x ⊗ 1, 1 ⊗ x) be a formal group over Hopf algebra H. By HQ
denote the Hopf algebra H⊗
Z
Q over ring RQ = R⊗
Z
Q. We shall write µ, η, . . .
instead of µQ, ηQ, . . . .
The aim of this paper is to prove the following result.
Proposition 1. For any commutative formal group F(x ⊗ 1, 1 ⊗ x), which
is considered as a formal group over HQ, there exists a homomorphism to a
formal group of the form c + x ⊗ 1 + 1 ⊗ x, where c ∈ HQ ⊗̂
RQ
HQ such that
(id⊗ε)c = 0 = (ε⊗ id)c.
We recall that the notion of a homomorphism of formal groups over Hopf
algebra was given in [2]. Below we shall use notations of paper [1].
To prove the Proposition, we need the following Lemma.
Lemma 2. A symmetric series of the form c+x⊗ 1+1⊗x ∈ HQ ⊗̂
RQ
HQ[[x⊗
1, 1⊗x]] is a formal group over the Hopf algebraHQ if and only if the following
two conditions hold:
(i) (id⊗∆)c + 1⊗ c− (∆⊗ id)c− c⊗ 1 = 0;
(ii) (id⊗ε)c = 0 = (ε⊗ id)c.
(Note that the condition (i) means, that c is a 2-cocykle in the cobar complex
of the Hopf algebra HQ.)
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Proof of the Lemma. The conditions (i) and (ii) are equivalent to the as-
sociativity axiom and to the unit axiom for formal groups respectively. Let
us show that the series Θ(x) = −(µ ◦ (id⊗S))c − x is the inverse element.
Indeed,
(µ ◦ (id⊗S))c+ x+Θ(x) = (µ ◦ (id⊗S))c+ x− (µ ◦ (id⊗S))c− x = 0.
The symmetric condition follows from the equality (µ◦ (id⊗S))c = (µ◦ (S⊗
id))c. 
Proof of the Proposition. By definition, put
ω˜(x) = (id⊗ε˜)
∂F(x, z)
∂z
∈ H [[x]]
(here ε˜ : H [[z]]→ R is the map such that ε˜ |H= ε : H → R, ε˜(z) = 0). Recall
([1]) that ∆˜ : H [[x]]→ H [[x]]⊗̂
R
H [[x]] = H⊗̂
R
H [[x⊗ 1, 1⊗ x]] is the map such
that ∆˜ |H= ∆, ∆˜(x) = F(x⊗ 1, 1⊗ x). We have
(∆ω˜)(F(x⊗ 1, 1⊗ x)) = ∆˜(ω˜(x)) = (∆˜ ◦ (id⊗ε˜) ◦
∂
∂z
)(F(x, z)) =
((id⊗ id⊗ε˜) ◦ (∆˜⊗ id) ◦
∂
∂z
)(F(x, z)) =
((id⊗ id⊗ε˜) ◦
∂
∂z
◦ (∆˜⊗ id))(F(x, z)) =(
(id⊗ id⊗ε˜) ◦
∂
∂z
)
((∆⊗ id)F)(F(x⊗ 1, 1⊗ x), z) =
(
(id⊗ id⊗ε˜) ◦
∂
∂z
)
((id⊗∆)F)(x⊗ 1,F(1⊗ x, z)) =
(id⊗ id⊗ε˜)
(
∂((id⊗∆)F)(x⊗ 1,F(1⊗ x, z))
∂F(1⊗ x, z)
)
·1⊗
(
(id⊗ε˜)
∂F(1 ⊗ x, z)
∂z
)
=
∂F(x⊗ 1, 1⊗ x)
∂(1 ⊗ x)
· (1⊗ ω˜)(1⊗ x).
Therefore, we have
(∆ω˜)(F(x⊗ 1, 1⊗ x)) =
∂F(x ⊗ 1, 1⊗ x)
∂(1⊗ x)
· (1⊗ ω˜)(1⊗ x). (1)
2
If
F(x, z) =
∑
i,j≥0
Ai,jx
izj (Ai,j ∈ H⊗̂
R
H),
then
ω˜(x) = (id⊗ε˜)
∑
i,j
Ai,jx
ijzj−1 = (id⊗ε)A0,1 +
∑
i≥1
((id⊗ε)Ai,1)x
i,
where (ε ◦ (id⊗ε))A0,1 = 1 6= 0. Therefore
1
ω˜(x)
∈ H [[x]] and
∆˜
(
1
ω˜(x)
)
=
1
∆˜(ω˜(x))
=
1
(∆ω˜)(F(x⊗ 1, 1⊗ x))
∈ H⊗̂
R
H [[x⊗ 1, 1⊗ x]].
Therefore (1) may be rewritten in the form
d(1⊗ x)
(1⊗ ω˜)(1⊗ x)
=
dF(x⊗ 1, 1⊗ x)
(∆ω˜)(F(x⊗ 1, 1⊗ x))
. (2)
It is clear that
1
ω˜(x)
= b0 + b1x+ . . . ,
where bi ∈ H, ε(b0) = 1. By g(x) denote the series∫ x
o
dt
ω˜(t)
∈ HQ[[x]].
Equality (2) implies
c′ + (1⊗ g)(1⊗ x) = (∆g)(F(x⊗ 1, 1⊗ x)), (3)
where c′ is independent of 1 ⊗ x. The application of id⊗ε˜ to equation (3)
yields
(id⊗ε˜)c′ = (((id⊗ε) ◦∆)g)(x⊗ 1) = (g⊗ 1)(x⊗ 1),
and the application of ε˜⊗ id to equation (3) yields
(ε˜⊗ id)c′ + (1⊗ g)(1⊗ x) = (1⊗ g)(1⊗ x).
Hence
(∆g)(F(x⊗ 1, 1⊗ x)) = c+ (g⊗ 1)(x⊗ 1) + (1⊗ g)(1⊗ x), (4)
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where c′ = (g⊗ 1)(x⊗ 1) + c, c ∈ HQ ⊗̂
RQ
HQ and (id⊗ε)c = 0 = (ε⊗ id)c.
To complete the proof we must check the condition (i) of the previous
Lemma. For this purpose we apply id⊗∆˜ and ∆˜ ⊗ id to equation (4). We
have
(((id⊗∆) ◦∆)g)((id⊗∆)F(x⊗ 1⊗ 1, 1⊗ F(x⊗ 1, 1⊗ x))) =
(id⊗∆)c + g(x)⊗ 1⊗ 1 + 1⊗ (∆g)(F(x⊗ 1, 1⊗ x)) =
(((∆⊗ id) ◦∆)g)((∆⊗ id)F(F(x⊗ 1, 1⊗ x)⊗ 1, 1⊗ 1⊗ x)) =
(∆⊗ id)c+ (∆g)(F(x⊗ 1, 1⊗ x))⊗ 1 + 1⊗ 1⊗ g(x),
i. e.
(id⊗∆)c + g(x)⊗ 1⊗ 1 + 1⊗ c+ 1⊗ g(x)⊗ 1 + 1⊗ 1⊗ g(x) =
(∆⊗ id)c+ c⊗ 1 + g(x)⊗ 1⊗ 1 + 1⊗ g(x)⊗ 1 + 1⊗ 1⊗ g(x).
This completes the proof. 
Remark 3. Note that this proof generalizes the standard proof of the analo-
gous result for formal groups over rings (see [3]).
Remark 4. Note that in the proof we assign for any formal group F(x⊗1, 1⊗
x) over H some 2-cocycle c in the cobar complex of the coalgebra HQ.
Remark 5. Note that (εg)(x) ∈ RQ[[x]] is the logarithm of the formal group
((ε⊗ ε)F)(x⊗ 1, 1⊗ x) = F (x⊗ 1, 1⊗ x) ∈ R[[x⊗ 1, 1⊗ x]] over ring R.
Remark 6. Since g(x) = b0x + b1x
2 + . . . and ε(b0) = 1, there exists the
series (∆g)−1(x) = (∆(g−1))(x)) ∈ HQ ⊗̂
RQ
HQ[[x]]. Using (4), we get
F(x⊗ 1, 1⊗ x) = (∆g)−1(c+ g(x)⊗ 1 + 1⊗ g(x)).
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